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Abstract

Hyperbolic two-step micro heat transport equations have attracted attention in thermal analysis of thin metal films exposed to ultrashort-pulsed
lasers. In this article, we develop a finite difference scheme for studying thermal deformation in a 2D double-layered micro thin film exposed to
ultrashort-pulsed lasers. This scheme is obtained based on the hyperbolic two-step model with temperature-dependent thermal properties coupled
with the dynamic equations of motion. The method is illustrated by investigating thermal deformation in a gold layer on a chromium padding
layer.
© 2008 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Ultrashort-pulsed lasers with pulse durations of the order of
sub-picosecond to femtosecond domain have the ability of lim-
iting the undesirable spread of the thermal process zone in the
heated sample [1]. They have been widely applied in structural
monitoring of thin metal films [2], laser micromachining [3]
and patterning [4], structural tailoring of microfilms [5], and
laser synthesis and processing in thin-film deposition [6].

For an ultrashort-pulsed laser, the heating involves high-rate
heat flow from electrons to lattices in the picosecond domains.
The energy equations describing the continuous energy flow
from hot electrons to lattices during non-equilibrium heating
can be written as [7–9]:

Ce(Te)
∂Te

∂t
= ∇ · [ke(Te, Tl)∇Te

] − G(Te − Tl) + S (1)

Cl

∂Tl

∂t
= G(Te − Tl) (2)
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where Ce(Te) = AeTe, ke(Te, Tl) = k0(Te/Tl), Te is electron
temperature, Tl lattice temperature, k0 thermal conductivity
in thermal equilibrium, Ce and Cl volumetric heat capacity,
G electron-lattice coupling factor, S laser heating source, and
∇ the gradient operator. Here, Ae, Cl , k0 and G are all positive
constants. The above coupled Eqs. (1) and (2), often referred to
as parabolic two-step micro heat transport equations, have been
widely applied in analysis of microscale heat transfer [7–17].
In particular, Wang et al. [18–20] developed a finite difference
scheme based on the above model for studying thermal defor-
mation in a two-dimensional thin film exposed to ultrashort-
pulsed lasers. However, when the characteristic heating time
(which is either the laser pulse during or the time needed to
heat a material to a certain temperature) is much shorter than
the electron relaxation time of free electrons (the mean time for
electrons to change their states) in a metal, the parabolic two-
step model may be inadequate to describe the continuous en-
ergy flow from hot electrons to lattices during non-equilibrium
heating (see Fig. 1 in [11]). As Qiu and Tien [11] pointed out,
the relaxation time increases dramatically, as the temperature
decreases, from 0.04 ps at room temperature to about 10 ps at
10 K. They [9] developed the hyperbolic two-step heat trans-
port equations based on the macroscopic averages of the electric
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Nomenclature

Ce electron heat capacity . . . . . . . . . . . . . . . J m−3 K−1

Cl lattice heat capacity . . . . . . . . . . . . . . . . . J m−3 K−1

G electron-lattice coupling factor . . . . . . W m−3 K−1

J laser fluence . . . . . . . . . . . . . . . . . . . . . . . . . . . . J m−2

K bulk modulus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Pa
ke thermal conductivity . . . . . . . . . . . . . . . W m−1 K−1

Lx length of micro thin film in the x-direction . . . µm
Ly length of micro thin film in the y-direction . . . µm
Nx number of grid points in the x-direction
Ny number of grid points in the y-direction
qx heat flux in the x-direction . . . . . . . . . . . . . . W m−2

qy heat flux in the y-direction . . . . . . . . . . . . . . W m−2

R surface reflectivity
S volumetric heat source . . . . . . . . . . . . . . . . . W m−3

Te electron temperature . . . . . . . . . . . . . . . . . . . . . . . . K
Tl lattice temperature . . . . . . . . . . . . . . . . . . . . . . . . . . K
t time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
tp laser pulse duration . . . . . . . . . . . . . . . . . . . . . . . . . . s
u displacement in the x-direction . . . . . . . . . . . . . . m
un

i,j numerical solution of u(xi, yj , tn)

v displacement in the y-direction . . . . . . . . . . . . . . m
v1 velocity component in the x-direction . . . . . m s−1

v2 velocity component in the y-direction . . . . . m s−1

x, y Cartesian coordinates
xs optical penetration depth . . . . . . . . . . . . . . . . . . . . m
ys spatial profile parameter . . . . . . . . . . . . . . . . . . . . . m

Greek symbols

αT thermal expansion coefficient
�−t , δx, δy finite difference operators
∇x,∇y forward finite difference operators
∇x,∇y backward finite difference operators
�t time increment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
�x,�y spatial grid sizes . . . . . . . . . . . . . . . . . . . . . . . . . . . m
ε accuracy for convergence
εx normal strain in the x-direction
εy normal strain in the y-direction
εxy shear strain
Λ electron-blast coefficient . . . . . . . . . . . . J m−3 K−2

λ Lame’s coefficients . . . . . . . . . . . . . . . . . . . . . . . . . Pa
μ Lame’s coefficients . . . . . . . . . . . . . . . . . . . . . . . . . Pa
ρ density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg m−3

σx normal stress in the x-direction . . . . . . . . . . . . . . Pa
σy normal stress in the y-direction . . . . . . . . . . . . . . Pa
σxy shear stress . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Pa
τe electron relaxation time . . . . . . . . . . . . . . . . . . . . . ps
τl lattice relaxation time . . . . . . . . . . . . . . . . . . . . . . . ps

Subscripts and superscripts

0 initial value at t = 0
e electron
i grid index in the x-direction
j grid index in the y-direction
l lattice
m layer index
n time level
and heat currents carried by electrons in the momentum space.
Al-Nimr and his colleagues [21–25] also studied the thermal
behavior of thin films using the hyperbolic two-step model.
Chen and Beraun [26] proposed a generalized hyperbolic two-
step model for studying ultrashort laser pulse interactions with
metal films. The generalized hyperbolic two-step model can be
written as follows [26–29]:

Ce

∂Te

∂t
= −∇ · −→qe − G(Te − Tl) + S (3)

τe

∂−→qe

∂t
+ −→qe = −ke∇Te (4)

Cl

∂Tl

∂t
= −∇ · −→ql + G(Te − Tl) (5)

τl

∂−→ql

∂t
+ −→ql = −kl∇Tl (6)

where −→qe and −→ql are the heat fluxes associated with the electrons
and the lattice, respectively. Here, τe is the electron relaxation
time of free electrons in metals, and τl is the lattice relaxation
time in phonon collisions [26]. They are evaluated at the Fermi
surface. A detailed description about τe can be seen in [30]. It
can be seen that if τe, τl and kl are zero, the hyperbolic two-step
model will reduce to the parabolic two-step model. It should be
pointed out that the heat conduction within the lattice domain
usually has an insignificant effect compared to the conduction
within the electron domain, because kl is usually much smaller
than ke. For this case, Eq. (6) may be neglected.

In this study, we extend Wang et al.’s research [18–20] by
developing an implicit finite difference scheme on a staggered
grid based on the hyperbolic two-step model (Eqs. (3)–(6))
for studying thermal deformation in a two-dimensional double-
layered thin film exposed to ultrashort-pulsed lasers. In particu-
lar, we employ our recently developed unconditionally stable
finite difference scheme for solving the hyperbolic two-step
model [31].

2. Governing equations

Consider a two-dimensional double-layered metal thin film
exposed to ultrashort-pulsed lasers, as shown in Fig. 1(a). In
Fig. 1(a), we assume that the thicknesses of these two layers
are the same for simplicity. The governing equations for study-
ing thermal deformation in the thin film include the dynamic
equations of motion, the energy equations, the interfacial equa-
tion, and the initial and boundary conditions.

(1) Dynamic equations of motion [1]

ρ(m) ∂
2u(m)

2
= ∂σ

(m)
x + ∂σ

(m)
xy + 2Λ(m)T (m)

e

∂T
(m)
e (7)
∂t ∂x ∂y ∂x
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Fig. 1. (a) Configuration of a 2D double-layered thin film and (b) a staggered grid.
ρ(m) ∂
2v(m)

∂t2
= ∂σ

(m)
xy

∂x
+ ∂σ

(m)
y

∂y
+ 2Λ(m)T (m)

e

∂T
(m)
e

∂y
(8)

where σ
(m)
x , σ

(m)
y , and σ

(m)
xy are given by [27]

σ (m)
x = λ(m)

(
ε(m)
x + ε(m)

y

) + 2μ(m)ε(m)
x

− (
3λ(m) + 2μ(m)

)
α

(m)
T

(
T

(m)
l − T0

)
σ (m)

y = λ(m)
(
ε(m)
x + ε(m)

y

) + 2μ(m)ε(m)
y (9)

− (
3λ(m) + 2μ(m)

)
α

(m)
T

(
T

(m)
l − T0

)
(10)

σ (m)
xy = μ(m)ε(m)

xy (11)

ε(m)
x = ∂u(m)

∂x
, ε(m)

y = ∂v(m)

∂y
, ε(m)

xy = ∂u(m)

∂y
+ ∂v(m)

∂x

(12)
Here, m = 1,2, denotes layer 1 and layer 2, respectively; u(m)

is the displacement in the thickness direction (x-direction) and
v(m) is the displacement in the length direction (y-direction);
ε
(m)
x and ε

(m)
y are the normal strains in the x- and y-directions,

respectively; ε
(m)
xy is the shear strain; σ

(m)
x and σ

(m)
y are the nor-

mal stresses in the x- and y-directions, respectively; σ
(m)
xy is the

shear stress; T
(m)
e and T

(m)
l are electron and lattice tempera-

tures, respectively; T0 is an initial temperature; ρ(m) is density;
Λ(m) is the electron-blast coefficient; λ(m) and μ(m) are Lame’s
coefficients; and α

(m)
T is the thermal expansion coefficient.

(2) Energy equations [26–29]

C(m)
e

∂T
(m)
e

∂t
= −∂q

x(m)
e

∂x
− ∂q

y(m)
e

∂y
− G(m)

(
T (m)

e − T
(m)
l

) + S

(13)
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τ (m)
e

∂q
x(m)
e

∂t
+ qx(m)

e = −k(m)
e

∂T
(m)
e

∂x
(14)

τ (m)
e

∂q
y(m)
e

∂t
+ q

y(m)
e = −k(m)

e

∂T
(m)
e

∂y
(15)

C
(m)
l

∂T
(m)
l

∂t
= −∂q

x(m)
l

∂x
− ∂q

y(m)
l

∂x
+ G(m)

(
T (m)

e − T
(m)
l

)

− (
3λ(m) + 2μ(m)

)
α

(m)
T T0

∂

∂t

(
ε(m)
x + ε(m)

y

)
(16)

τ
(m)
l

∂q
x(m)
l

∂t
+ q

x(m)
l = −k

(m)
l

∂T
(m)
l

∂x
(17)

τ
(m)
l

∂q
y(m)
l

∂t
+ q

y(m)
l = −k

(m)
l

∂T
(m)
l

∂y
(18)

It is noted that we add the coupling effect between lattice tem-
perature and strain rate in Eq. (16). In this study, the heat source
introduced by [27] is extended for a Gaussian laser beam focus-
ing at y = 0 on the top surface as

S = 0.94J
1 − R

tpxs

exp

[
− x

xs

−
(

y

ys

)2

− 2.77

(
t − 2tp

tp

)2]

(19)

Here, −→q (m)
e = (q

x(m)
e , q

y(m)
e ) and −→q (m)

l = (q
x(m)
l , q

y(m)
l ); J is

laser fluence; R is surface reflectivity; tp is laser pulse duration;
xs is optical penetration depth; ys is spacial profile parameter.

The boundary conditions are assumed to be stress free [1,27]
and no heat is lost from the surface in the short time response
[32]:

σ (1)
x = 0, σ (1)

xy = 0, at x = 0, and

σ (2)
x = 0, σ (2)

xy = 0 at x = Lx (20a)

σ (1)
y = 0, σ (1)

xy = 0, at y = 0, and

σ (2)
y = 0, σ (2)

xy = 0 at y = Ly (20b)

∂T
(m)
e

∂−→n
= 0, and

∂T
(m)
l

∂−→n
= 0 (20c)

where −→n is the unit outward normal vector on the boundary.
The initial conditions are assumed to be

T (m)
e = T

(m)
l = T0, u(m) = v(m) = 0

∂u(m)

∂t
= ∂v(m)

∂t
= 0, at t = 0 (21)

where m = 1,2. It is noted that the laser beam is applied on the
top surface (x = 0) at t = 0 and the peak intensity occurs when
t = 2tp .

The interfacial conditions are assumed to be those of perfect
thermal contact at x = Lx/2 (the continuity of temperature and
heat flux across the interface),

u(1) = u(2), v(1) = v(2) (22a)

σ (1)
x = σ (2)

x , σ (1)
xy = σ (2)

xy (22b)

T (1)
e = T (2)

e , qx(1)
e = qx(2)

e (22c)

T
(1)
l = T

(2)
l , q

x(1)
l = q

x(2)
l (22d)
3. Finite difference scheme

To avoid non-physical oscillations in the solution, we follow
the approach in [18–20,33] and introduce two velocity compo-
nents v

(m)
1 and v

(m)
2 to the model. Thus, the dynamic equations

of motion, Eqs. (7), (8), (11) and (12), can be rewritten as fol-
lows:

v
(m)
1 = ∂u(m)

∂t
, v

(m)
2 = ∂v(m)

∂t
(23)

ρ(m) ∂v
(m)
1

∂t
= ∂σ

(m)
x

∂x
+ ∂σ

(m)
xy

∂y
+ Λ(m) ∂(T

(m)
e )2

∂x
(24)

ρ(m) ∂v
(m)
2

∂t
= ∂σ

(m)
xy

∂x
+ ∂σ

(m)
y

∂y
+ Λ(m) ∂(T

(m)
e )2

∂y
(25)

∂ε
(m)
x

∂t
= ∂v

(m)
1

∂x
,

∂ε
(m)
y

∂t
= ∂v

(m)
2

∂y

∂ε
(m)
xy

∂t
= ∂v

(m)
1

∂y
+ ∂v

(m)
2

∂x
(26)

We then design a staggered grid, as shown in Fig. 1(b),
where v

(m)
1 , q

x(m)
e , q

x(m)
l are placed at (x

i+ 1
2
, yj ); v

(m)
2 , q

y(m)
e ,

q
y(m)
l are placed at (xi, yj+ 1

2
); ε

(m)
xy and σ

(m)
xy are placed at

(x
i+ 1

2
, y

j+ 1
2
), while ε

(m)
x , ε(m)

y , σ (m)
x , σ (m)

y , T (m)
e and T

(m)
l are at

(xi, yj ). Here, i and j are indices with 1 � i � Nx + 1 and 1 �
j � Ny + 1. (T

(m)
e )ni,j , (T

(m)
l )ni,j , (q

x(m)
e )n

i+ 1
2 ,j

, (q
x(m)
l )n

i+ 1
2 ,j

,

(q
y(m)
e )n

i,j+ 1
2
, (q

y(m)
l )n

i,j+ 1
2
, (v

(m)
1 )n

i+ 1
2 ,j

and (v
(m)
2 )n

i,j+ 1
2

are

denoted as the numerical approximations of T
(m)
e (i�x, j�y,

n�t), T
(m)
l (i�x, j�y,n�t), q

x(m)
e ((i + 1

2 )�x, j�y,n�t),

q
x(m)
l ((i + 1

2 )�x, j�y,n�t), q
y(m)
e (i�x, (j + 1

2 )�y,n�t),

q
y(m)
l (i�x, (j + 1

2 )�y,n�t), v
(m)
1 ((i + 1

2 )�x, j�y,n�t) and

v
(m)
2 (i�x, (j + 1

2 )�y,n�t), respectively, where �t , �x and
�y are time increment and spatial step sizes, respectively. Sim-
ilar notations are used here for other variables. We further
introduce the finite difference operators, �−t , δx , δy , ∇x , ∇x ,
∇y , and ∇y as follows:

�−t u
n
i,j = un

i,j − un−1
i,j

δxu
n
i,j = un

i+ 1
2 ,j

− un

i− 1
2 ,j

, δyu
n
i,j = un

i,j+ 1
2
− un

i,j− 1
2

∇xu
n
i,j = un

i+1,j − un
i,j

�x
, ∇xu

n
i,j = un

i,j − un
i−1,j

�x

∇yu
n
i,j = un

i,j+1 − un
i,j

�y
, ∇yu

n
i,j = un

i,j − un
i,j−1

�y

Thus, Eqs. (24)–(26) are discretized using an implicit finite
difference as follows:

ρ(m) 1

�t
�−t

(
v

(m)
1

)n+1
i+ 1

2 ,j

= 1

�x
δx

(
σ (m)

x

)n+1
i+ 1

2 ,j
+ 1

�y
δy

(
σ (m)

xy

)n+1
i+ 1

2 ,j

+ Λ(m) 1
δx

[(
T (m)

e

)2]n+1
1 (27)
�x i+ 2 ,j
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ρ(m) 1

�t
�−t

(
v

(m)
2

)n+1
i,j+ 1

2

= 1

�x
δx

(
σ (m)

xy

)n+1
i,j+ 1

2
+ 1

�y
δy

(
σ (m)

y

)n+1
i,j+ 1

2

+ Λ(m) 1

�y
δy

[(
T (m)

e

)2]n+1
i,j+ 1

2
(28)

1

�t
�−t

(
ε(m)
x

)n+1
i,j

= 1

�x
δx

(
v

(m)
1

)n+1
i,j

(29)

1

�t
�−t

(
ε(m)
y

)n+1
i,j

= 1

�y
δy

(
v

(m)
2

)n+1
i,j

(30)

1

�t
�−t

(
ε(m)
xy

)n+1
i+ 1

2 ,j+ 1
2

= 1

�x
δx

(
v

(m)
2

)n+1
i+ 1

2 ,j+ 1
2
+ 1

�y
δy

(
v

(m)
1

)n+1
i+ 1

2 ,j+ 1
2

(31)

where (σ
(m)
x )n+1

i,j , (σ
(m)
y )n+1

i,j , and (σ
(m)
xy )n+1

i+ 1
2 ,j+ 1

2
are obtained

based on Eqs. (9)–(11)
(
σ (m)

x

)n+1
i,j

= λ(m)
[(

ε(m)
x

)n+1
i,j

+ (
ε(m)
y

)n+1
i,j

] + 2μ(m)
(
ε(m)
x

)n+1
i,j

− (
3λ(m) + 2μ(m)

)
α

(m)
T

[(
T

(m)
l

)n+1
i,j

− T0
]

(32)
(
σ (m)

y

)n+1
i,j

= λ(m)
[(

ε(m)
x

)n+1
i,j

+ (
ε(m)
y

)n+1
i,j

] + 2μ(m)
(
ε(m)
y

)n+1
i,j

− (
3λ(m) + 2μ(m)

)
α

(m)
T

[(
T

(m)
l

)n+1
i,j

− T0
]

(33)
(
σ (m)

xy

)n+1
i+ 1

2 ,j+ 1
2

= μ(m)
(
ε(m)
xy

)n+1
i+ 1

2 ,j+ 1
2

(34)

Further, Eqs. (13)–(18) are solved based on our recently de-
veloped finite difference scheme [31]:

A(m)
e

|(T (m)
e )n+1

i,j |3 − |(T (m)
e )ni,j |3

3
2�t[(T (m)

e )n+1
i,j + (T

(m)
e )ni,j ]

= −∇x

[ (q
x(m)
e )n+1

i+ 1
2 ,j

+ (q
x(m)
e )n

i+ 1
2 ,j

2

]

− ∇y

[ (q
y(m)
e )n+1

i,j+ 1
2
+ (q

y(m)
e )n

i,j+ 1
2

2

]

− G(m)

[
(T

(m)
e )n+1

i,j + (T
(m)
e )ni,j

2

− (T
(m)
l )n+1

i,j + (T
(m)
l )ni,j

2

]
+ S

n+ 1
2

i,j (35)

τ (m)
e

(q
x(m)
e )n+1

i− 1
2 ,j

− (q
x(m)
e )n

i− 1
2 ,j

�t

+
(q

x(m)
e )n+1

i− 1
2 ,j

+ (q
x(m)
e )n

i− 1
2 ,j

2

= −(
k(m)
e

)n+ 1
2

i− 1
2 ,j

∇x

[
(T

(m)
e )n+1

i,j + (T
(m)
e )ni,j

2

]
(36)

τ (m)
e

(q
y(m)
e )n+1

i,j− 1
2
− (q

y(m)
e )n

i,j− 1
2

�t

+
(q

y(m)
e )n+1

i,j− 1
2
+ (q

y(m)
e )n

i,j− 1
2

2

= −(
k(m)
e

)n+ 1
2

i,j− 1
2
∇y

[
(T

(m)
e )n+1

i,j + (T
(m)
e )ni,j

2

]
(37)

C
(m)
l

(T
(m)
l )n+1

i,j − (T
(m)
l )ni,j

�t
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where, in Eqs. (35) and (38), 2 � i � Nx , 2 � j � Ny and m =
1,2; in Eqs. (36) and (39), 1 � i � Nx and 2 � j � Ny when
m = 1, and 1 � i � Nx − 1 and 2 � j � Ny when m = 2; and
in Eqs. (37) and (40), 2 � i � Nx and 1 � j � Ny when m = 1,
and 1 � i � Nx − 1 and 1 � j � Ny when m = 2. Here,
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It should be pointed out that the above nonlinear scheme,
Eqs. (35)–(40) without the term −(3λ(m) + 2μ(m))α

(m)
T T0 ×

(�−t (ε
(m)
x )n+1

i,j + �−t (ε
(m)
y )n+1

i,j )/�t , is obtained based on an
energy estimate for the energy equations and is shown to sat-
isfy a discrete energy estimate without restriction on mesh ra-
tio [31].

Once v
(m)
1 and v

(m)
2 are known, the displacements, u(m) and

v(m), are obtained based on the Euler backward method for
Eq. (23) as:
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The boundary conditions, Eqs. (20a)–(20c), can be dis-
cretized as follows:
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for any time level n. The initial conditions, Eq. (21), are dis-
cretized as
(
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where 1 � i � Nx + 1, 1 � j � Ny + 1, and m = 1,2.
Based on Eq. (22a), the interfacial conditions for velocity

components v
(m)
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2 can be written as v
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Using Eqs. (9)–(11), we discretize Eq. (22b) as follows:
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Eqs. (22c) and (22d) are discretized as
(
T (1)

e

)n+1
Nx+1,j

= (
T (2)

e

)n+1
1,j

(47a)
(
qx(1)
e

)n+1
Nx+ 1

2 ,j
= (

qx(2)
e

)n+1
3
2 ,j

(47b)
(
T

(1)
l

)n+1
Nx+1,j

= (
T

(2)
l

)n+1
1,j

(47c)
(
q

x(1)
l

)n+1
Nx+ 1

2 ,j
= (

q
x(2)
l

)n+1
3
2 ,j

(47d)

for any time level n and 1 � j � Ny + 1.
Since the finite difference scheme (see Eqs. (27)–(28), (35)–

(38)) is nonlinear, it must be solved by an iterative method.
Here, the iterative method for solving the scheme at time level
n + 1 is described as follows:

Step 1. Guess (ε
(m)
x )n+1, (ε

(m)
y )n+1 and (ε
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xy )n+1 by using the
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l )n+1 based on Eqs. (36),

(37), (39), (40), and the interfacial conditions (46)–(47),
and substitute them into Eqs. (35) and (38) to obtain
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(m)
e )n+1 and (T

(m)
l )n+1.

Step 2. Solve Eqs. (32)–(34) for (σ
(m)
x )n+1, (σ

(m)
y )n+1 and

(σ
(m)
xy )n+1.

Step 3. Solve Eqs. (27) and (28) for (v
(m)
1 )n+1 and (v

(m)
2 )n+1.

Step 4. Update (ε
(m)
x )n+1, (ε

(m)
y )n+1 and (ε

(m)
xy )n+1 by using

Eqs. (29)–(31).
Given the required accuracy ε, repeat the above steps until
a convergent solution is obtained based on the following
criteria

max
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x
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ε(m)
x
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∣∣(ε(m)

xy

)n+1(new) − (
ε(m)
xy

)n+1(old)∣∣ � ε (48b)

Step 5. Solve Eqs. (41) and (42) for (u(m))n+1 and (v(m))n+1.

4. Numerical examples

To demonstrate the applicability of our present scheme, we
considered a two-dimensional double-layered thin film, which
is a gold layer on a chromium padding layer with the dimen-
sions 0.05 µm (thickness) × 1 µm (length) each layer. The
thermophysical properties for gold and chromium are listed in
Table 1 [29,32,34,35].

In order to test the convergence of the scheme, three dif-
ferent meshes (80 × 40, 160 × 80, 200 × 100 for each layer)
were chosen. The time increment is 0.005 ps. The required ac-
curacy ε was chosen to be 10−16 for convergence. The initial
temperature T0 was chosen to be 300 K. In our computation,
we chose R = 0.93, tp = 0.1 × 10−12 s, xs = 15.3 × 10−9 m,
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Table 1
Thermal properties for gold and chromium [29,32,34,35]

Parameter Unit Gold Chromium

ρ kg m−3 19300 7190
Λ J m−3 K−2 70 193.3
λ Pa 199 × 109 83.3 × 109

μ Pa 27 × 109 115 × 109

αT K−1 14.2 × 10−6 4.9 × 10−6

Ae J m−3 K−2 70 193.3
Cl J m−3K−1 2.5 × 106 3.3 × 106

G W m−3K−1 2.6 × 1016 42 × 1016

τe ps 0.04 0.0068
τl ps 0.8 0.136
k0, kl W m−1K−1 315 94

ys = 1.0 × 10−6 m, and J = 500.0 J m−2, 1000.0 J m−2 and
2000.0 J m−2, respectively.

Fig. 2(a) shows the change in electron temperature
(�Te/(�Te)max) at x = 0 and y = 0 versus time for various
meshes (80 × 40, 160 × 80, 200 × 100 for each layer) with
laser fluence J = 500 J m−2. The maximum electron tempera-
ture rise, (�Te)max, is about 3930 K. The electron temperature
(3807 K) at t = 0.3 ps is close to 3727 K at t = 0.1 ps (start-
ing at t = −0.2 ps), which was obtained by Tzou et al. [1] who
employed a parabolic two-step model. We also compared the
change in temperature on the surface of the gold layer with
that obtained using the parabolic two-step model [19]. There
is a slight difference between the hyperbolic model and the
parabolic model. In particular, the hyperbolic model predicts a
low temperature after the peak. This difference probably comes
from the effect of relaxation times τe and τl , which needs fur-
ther study. Fig. 2(b) shows the displacement (u) at x = 0 and
y = 0 versus time for various meshes (80 × 40, 160 × 80,
200 × 100 for each layer). The figure also shows a slight dif-
ference between hyperbolic model and parabolic model. From
both Figs. 2(a) and 2(b), it can be seen that grid size has no
significant effect on the solution, implying the solution is con-
vergent.

Figs. 3 and 4 show, respectively, the electron temperature
(Te) and lattice temperature (Tl) at y = 0 µm versus x (the
thickness) with three different laser fluences (J = 500 J m−2,
1000 J m−2 and 2000 J m−2) at various times (a) t = 0.25 ps,
(b) t = 0.5 ps, (c) t = 1.0 ps, and (d) t = 20 ps. It can be seen
from Fig. 3 that the electron temperature reaches its maximum
at t = 0.25 ps, then decays with time and almost uniforms at
t = 20 ps along the thickness direction. On the other hand,
Fig. 4 shows that the lattice temperature increases gradually
with time in both gold and chromium layers, due to constant
heating of acoustic phonons by electrons. Since the heat is
transferred from the gold layer to the chromium layer and the
conductivity of chromium is smaller than that of gold, the lattice
temperature increases drastically across the interface. Differing
from that predicted by the parabolic two-step model in [1] or
[19], the hyperbolic model does not predict a clear disconti-
nuity of the temperature gradient at the interface as shown in
Fig. 4 (b)–(d). This is probably because of the effect of relax-
ation time τl , as seen in Eq. (17). The difference of electron and
lattice temperatures at t = 0.25 ps, t = 0.5 ps, and t = 1.0 ps
in Figs. 3 and 4 gives a strong flavor of non-equilibrium heat-
ing during the picosecond transient. At t = 20 ps as shown in
Figs. 3(d) and 4(d), there is no significant difference between
electron temperature and lattice temperature, implying that the
heating reaches an equilibrium state.
(a) (b)

Fig. 2. (a) Change in electron temperature at x = 0 and y = 0, and (b) displacement (u) versus time for various meshes compared with parabolic two-step model [19].
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(a) (b)

(c) (d)

Fig. 3. Electron temperature (Te) at y = 0 µm versus x at various times (a) t = 0.25 ps, (b) t = 0.5 ps, (c) t = 1.0 ps, and (d) t = 20 ps.
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(a) (b)

(c) (d)

Fig. 4. Lattice temperature (Tl ) at y = 0 µm versus x at various times (a) t = 0.25 ps, (b) t = 0.5 ps, (c) t = 1.0 ps, and (d) t = 20 ps.
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(a) (b)

(c) (d)

Fig. 5. Displacement (u) at y = 0 µm versus x at (a) t = 5 ps and (b) t = 20 ps, and displacement (v) at y = 0 µm versus x at (c) t = 5 ps and (d) t = 20 ps.
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(a) (b)

(c) (d)

Fig. 6. Normal stress (σx ) at y = 0 µm versus x at (a) t = 5 ps and (b) t = 20 ps, and normal stress (σy ) versus x at y = 0 µm at (c) t = 5 ps, and (d) t = 20 ps.
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Fig. 5 shows displacements u (thickness direction) and v

(length direction) at y = 0 µm along x (the thickness) with
three different laser fluences (J = 500 J m−2, 1000 J m−2 and
2000 J m−2) at various times t = 5 ps and t = 20 ps. It can been
seen that the displacement u, particularly at t = 20 ps, changes
from negative value to positive value along the thickness direc-
tion. It shows that most of the gold layer is expanding in the
negative x direction while the chromium layer expands in the
x-direction. On the other hand, the value of the displacement
v is negative, implying that the film is expanding to the nega-
tive x-direction. At t = 20 ps, the displacement v shows a clear
jump at the interface, implying that the bond between these two
layers could be broken and could slip under a high intense laser
irradiation. Fig. 5 also shows that the expansion of the film will
be larger with increase of the laser fluency.

Fig. 6 shows normal stresses σx (thickness direction) and σy

(length direction) at y = 0 µm along x with three different laser
fluences (J = 500 J m−2, 1000 J m−2 and 2000 J m−2) at vari-
ous times t = 5 ps and t = 20 ps. At t = 5 ps normal stress σx

changes from negative to positive along the thickness direction,
implying that the film is expanding. At t = 20 ps σx appears
to be a wave-like curve along the thickness in the gold layer.
The reason is probably due to the effect of the double layers.
On the other hand, normal stress σy shows a jump across the
interface because of different layers. Similar wave-like curve
can be seen in σy at t = 20 ps. From our experience, the con-
ventional finite difference method produces local oscillations in
the normal stress σx . Chen et al. [27] employed successfully an
artificial viscosity to suppress spurious oscillations for an ax-
isymmetric thin film case under cylindrical coordinate system.
We tried this approach to a 2D gold thin film under Cartesian
coordinates. Unfortunately, the normal stress σx shows spurious
oscillations, as compared with the solutions obtained based on
our present method and Wang et al.’s parabolic two-step model
based finite difference method [18], as shown in Fig. 7. It can
be seen from Fig. 6 that the curve of σx is smooth and does not
appear local oscillations, implying that our method prevents the
appearance of non-physical oscillation in the solution.

Figs. 8 and 9 show the contours of electron temperature
(Te) and lattice temperature (Tl) with the laser fluence of J =
1000 J m−2 at various times (a) t = 0.25 ps, (b) t = 0.5 ps,
(c) t = 1.0 ps, (d) t = 10 ps, respectively. It can be seen that
the hot temperature changes from the top left corner to the bot-
tom left corner in the double-layered thin film, implying that the
heat is mainly transferred from the gold layer to the chromium
layer along the x-direction. The contours of lattice tempera-
ture in the chromium layer are much brighter near the interface
when t = 0.25 ps and t = 0.5 ps. This indicates that there is
a larger temperature difference between the gold layer and the
chromium layer across the interface. However, the difference
gradually disappears as the heat is transferred to the bottom of
the chromium layer as shown in Figs. 9(c) and 8(d).

Fig. 10 shows the contours of displacement u (thickness di-
rection) and displacement v (length direction) with the laser
influence of J = 1000 J m−2 at t = 20 ps. It can be seen from
Fig. 10 that the film expands after heating because displacement
Fig. 7. Comparison of normal stress (σx ) at y = 0 µm versus x at t = 10 ps
obtained based on the present method, Wang et al.’s method [18] and Chen et
al.’s method [27].

changes from negative to positive along the x- and y-directions,
respectively.

5. Conclusion

In this study, we have developed an implicit finite difference
scheme for studying thermal deformation in a two-dimensional
double-layered thin film exposed to ultrashort-pulsed lasers.
The scheme is obtained based on the hyperbolic two-step heat
transport equations (accounting for the coupling effect between
lattice temperature and strain rate, as well as for the hot-
electron blast effect in momentum transfer), and by replacing
the displacement components in the dynamic equations of mo-
tion with the velocity components and constructing a staggered
grid. The method is then applied to studying thermal deforma-
tion in a two-dimensional gold layer on a chromium padding
layer exposed to ultrashort-pulsed lasers. Numerical results
show the difference between the hyperbolic two-step model
and parabolic two-step model, and the displacement alterations
along x- and y-directions (which reveals the expansion of the
thin film).

Further research will study the hyperbolic “physics” effects
(such as changing laser heating duration, relaxation times, and
diffusion in lattice) and the non-perfect thermal contact case
(which will generate additional nonlinear behavior in the inter-
facial area).
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Fig. 8. Contours of electron temperature distributions at (a) t = 0.25 ps, (b) t = 0.5 ps, (c) t = 1.0 ps, and (d) t = 10 ps with J = 1000 J m−2.
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Fig. 9. Contours of lattice temperature distributions at (a) t = 0.25 ps, (b) t = 0.5 ps, (c) t = 1.0 ps, and (d) t = 10 ps with J = 1000 J m−2.
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Fig. 10. Contours of displacements u and v distributions at t = 20 ps with J = 1000 J m−2.
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